Abstract. The notion of the S δ -diagonal was introduced by H. R.
S δ -diagonals
We review in this section the definitions of S δ -set and S δ -diagonal, and state our results obtained in [5] .
The following definition is a generalization of a G δ -set and was introduced by H. R. Bennett [2] to study the quasi-developability of linearly ordered (topological) spaces. Definition 1.1. Let X be a topological space. A subset A of X is called an S δ -set if there exists a countable collection {U (1), U (2), . . .} of open subsets of X such that, for two points p ∈ A and q ∈ X \ A, there exists an n such that p ∈ U (n) and q / ∈ U (n).
It is easy to see that a G δ -set is an S δ -set. Hence the notion of S δ -set is a generalization of G δ -set. See [3] for a description of S-normal spaces whose closed subsets are S δ -sets. Definition 1.2. Let X be a topological space. X has an S δ -diagonal if the diagonal subset ∆ X of X × X is an S δ -set of X × X, where ∆ X denotes the diagonal set {(x, x) : x ∈ X} in the Cartesian product X × X. The symbol ( , ) is used to stand for a point of X × X.
It is useful to show the following lemma that relates to the property ( * ) given in [2] . N denotes the set of natural numbers. Lemma 1.3. [5] Let X be a topological space. Let {G(n) : n ∈ N} be a family of countable collections of open subsets of X. Suppose that, for any three points x, y and z with y = z, there exists an m ∈ N such that x ∈ G(m) and that no element of G(m) contains the set {y, z}, where G(m) denotes {U : U ∈ G(m)}. Then, there exists a family {F(n) : n ∈ N} of countable collections of open subsets of X such that, for such three points above, there exists an m ∈ N such that x ∈ F(m) and any two distinct points of {x, y, z} do not belong to the same member of F(m).
Theorem 1.4. [5]
Let X be a topological space. X has an S δ -diagonal if and only if there exists a family {G(n) : n ∈ N} of countable collections of open subsets of X such that, for three points x, y and z with y = z, there exists an m ∈ N such that x ∈ G(m) and any two distinct points of {x, y, z} do not belong to the same member of G(m).
Two linearly ordered extensions and notation
Recall that a generalized ordered space (GO-space) is a triple (X, τ, <), where < is a linear ordering of the set X and τ a Hausdorff topology on X having a base of order-convex sets. We will denote by λ the order topology on (X, <). It is known that λ ⊂ τ . A space of the form (X, λ, <) is called a linearly ordered topological space (LOTS). Every LOTS is a GO-space, but not conversely. In fact it is known that the class of GO-spaces coincides with the class of subspaces of LOTS. Given a GO-space X there are two well-known linearly ordered extensions of X. One of these is X * and was defined by D. J. Lutzer [7] . The other one is L(X) and was studied in [8] . We review here the definitions of those linearly ordered extensions. The intervals in a GO-space or a LOTS are written in the form [a,b] 
where λ denotes the order topology as mentioned above. R (resp. L) is called the set of right (resp. left) looking points. Then X * is defined as follows:
where Z denotes the set of integers. On the other hand, L(X) is defined as follows:
X * and L(X) are linearly ordered topological spaces equipped with the lexicographic order topologies. We, furthermore, need some technical notation for the proof of the theorems in Section 5. For a convex open subset U of a GO-space X, we define a convex open subset U of E(X), where E(X) denotes either X * or L(X). Then eight cases can occur. In the following, the intervals must be considered in E(X).
(1) If a is the minimum point of U, then we defineŨ 
S δ -diagonals in linearly ordered extensions
The following theorems are proved in our paper [5] . Let X be a GO-space. It is easily seen that X * contains X as a closed subset and L(X) contains X as a dense subset. See [7, 8] for further information about X * and L(X). In both cases, X and X × {0} are identified by the correspondence of x to (x, 0).
To prove a similar theorem concerning L(X), it is necessary to assume the existence of sequences in X that witnesses first-countability for points of R ∪ L:
[5] Let X be a GO-space with an S δ -diagonal. Assume that, for every point s ∈ L, there exists a decreasing sequence {x(s, n) : n ∈ N} in X such that inf{x(s, n)} = s and, for every point s ∈ R, there exists an increasing sequence {y(s, n) : n ∈ N} in X such that sup{y(s, n)} = s. If R ∪ L is countable, then L(X) has an S δ -diagonal.
Dense S δ -diagonals
The following definition gives an analogy to the dense G δ -diagonal in [1] . Definition 4.1. A Hausdorff space X has a dense S δ -diagonal if there exists a dense subset D of ∆ X such that D is an S δ -subset of X × X, where ∆ X denotes the diagonal subset of the Cartesian product X × X.
We show the following theorem that is analogous to a result concerning spaces that have a dense G δ -diagonal [1] .
. Now the map h : ∆ X → X defined by h(x, x) = x is a homeomorphism, and the homeomorphic image of a dense S δ -set is a dense S δ -set.
Conversely, suppose Y is a dense S δ -subset of X. Then h −1 (Y ) is a dense S δ -subset of ∆ X . The rest is easily verified.
Theorems concerning dense S δ -diagonals of linearly ordered extensions
Theorem 5.1. Let X = (X, τ ) be a GO-space with a dense
We first show the following lemma.
Lemma 5.2. Let X be a GO-space and X * the linearly ordered extension of X. For a subspace Y of X, set Z = Y ∪ (X * \ X). If Y is dense in X and an S δ -subset of X, then Z is a dense subspace of X * and an S δ -subset of X * .
Proof. To see that Z is dense in X * , let x ∈ X * \ Z = X \ Y and V be a neighborhood of x in X * , where X is identified with X × {0} as usual. Since V ∩ X is a neighborhood of x in X, it follows that
Hence Z is a dense subspace of X * . To show the last part, let {U (n) : n ∈ N} be a countable collection of open subsets of X such that, for y ∈ Y and x ∈ X \ Y, there exists an m ∈ N such that y ∈ U (m) and x ∈ U (m). For every n ∈ N, letŨ (n) be the open subset associated with U (n) as in Section 3. SetŨ (0) = X * \ X. Then it is obvious thatŨ (0) is an open subset of X * . We show that the countable collection {Ũ (n) : n ≥ 0} of open subsets of X * assures that Z is an S δ -subset of X * . Let z ∈ Z and x ∈ X * \ Z = X \ Y.
Then it is easy to see that z ∈Ũ (0) and x ∈Ũ (0). 
, where these intervals are considered in X * . By virtue of Lemma 5.2 and Theorem 4.2, it is sufficient to show that a family of those countable collections of open subsets of Z witnesses the S δ -diagonal of Z. To see this, let x, y and z be three points of Z with y = z. We may assume without loss of generality that y < z. Case 1. If {x, y, z} ⊂ Y, then there exists an m ∈ N such that x ∈ G(m) and {y, z} ⊂ V for any V ∈ G(m). Hence it follows that x ∈ G (m) and that {y, z} ⊂ V Z for any V Z ∈G(m). 
Then the proof is analogous to (i). Case 3. Let x ∈ Z \ Y. Then it follows that x ∈ G (0) and {y, z} ⊂ V for any V ∈G(0). Therefore, by virtue of Lemma 1.3 and Theorem 1.4, X * has a dense S δ -diagonal. This completes the proof.
Proof. By Theorem 4.2, there exists a dense subspace Y of X such that Y is an S δ -subset of X and Y has an S δ -diagonal. Since X is dense in L(X), it follows that Y is a dense subspace of L(X). To prove that L(X) has a dense S δ -diagonal, it is sufficient to show, by Theorem 4.2, that Y is an S δ -subset of L(X). Let {U (n) : n ∈ N} be a countable collection of open subsets of X such that, for y ∈ Y and x ∈ X \ Y, there exists an m ∈ N such that y ∈ U (m) and x ∈ U (m). For every n ∈ N, letŨ (n) be the open subset of L(X) associated with U (n). For s i ∈ S = R ∪ L and ε ∈ {−1, 1}, setŨ
Then there exists an m ∈ N such that y ∈ U (m) and z ∈ U (m). Hence it follows that y ∈Ũ (m) and z ∈Ũ (m).
Case 2. Let z ∈ L(X) \ X. We can write z = (s i , ε), where ε ∈ {−1, 1}. If y < z, then it follows that y ∈Ũ − (s i , ε) and z ∈Ũ − (s i , ε). If z < y, then it follows that y ∈Ũ + (s i , ε) and z ∈Ũ + (s i , ε). Hence Y is an S δ -subset of L(X). This completes the proof of Theorem 5.3.
Examples
Example 6.1. Theorems 3.1 and 3.2 do not hold without the assumption of the countability of the set R∪L. Let us consider the Sorgenfrey line X = (R, S). In this case, the right looking points R = R is uncountable. Since X has a G δ -diagonal, X has an S δ -diagonal. However, X * does not have an S δ -diagonal. To prove this, it is sufficient to see that X * does not have a quasi-G δ -diagonal [5] . We easily see that there does not exist a family of countable collections of open subsets of X * that separates two points of the form (x, 0) and (x, 1), where x ∈ X. [4] . They proved that Z is not first-countable at any point. Z is defined as follows: Z = {(α 1 , α 2 , . . . , α n , ω 1 , ω 1 , . . .) : α i < ω 1 , 1 ≤ i ≤ n, α i = ω 1 , i > n, n ≥ 1}, with the lexicographic order. Since Z is densely-ordered, a dense subset Y of Z is a LOTS. If Y has a quasi-G δ -diagonal, Y is quasi-developable. Since a quasi-developable space is first-countable, Y does not have a quasi-G δ -diagonal. Therefore, Z does not have a dense S δ -diagonal.
